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In dynamical system theory, especially in many fields of applications from mechanics, Hamilto-
nian systems play an important role, since many related equations in mechanics can be written in an
Hamiltonian form. In this paper, we study the existence of periodic solutions for a class of Hamilto-
nian systems. By applying the Galerkin approximation method together with a result of critical point
theory, we establish the existence of periodic solutions of asymptotically linear Hamiltonian systems
without twist conditions. Twist conditions play crucial roles in the study of periodic solutions for
asymptotically linear Hamiltonian systems. The lack of twist conditions brings some difficulty to the
study. To the authors’ knowledge, very little is known about the case, where twist conditions do not

hold.
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1. Introduction and Main Result

A Hamiltonian system is a system of 2N ordinary
differential equations of the form

. OH

. OH
qi = 9 =
api

pi= aQi

i=1,2,...,N, (1)

where H = H(t,p1,...,PN,q1,---,qn) is a real-valued
smooth function, which is called the Hamiltonian or
the energy function. In fact, when H is independent
of ¢, H is a first integral of Hamilton’s equation (1) as

N (0H , OH ,
LH=Y <8p,-pi+ 3_qiqi> =0,

i=1

and (1) is a conservative mechanic system. The two
N-vectors ¢ = (41,92, --,qn) and p = (p1,p2,-- -, PN)
are called the position and momentum vectors, respec-
tively. The variable ¢ is called time. The integer N is
called the degree of freedom of the system (1). If we
introduce the 2N-vector x = (g,p) and the 2N x 2N
skew-symmetric matrix J defined by

0 —Iy
J =
<1N 0)’

where Iy is the identity matrix in R, then the sys-
tem (1) can be written as

%(t) =JH'(t,x), (2)

where H'(f,x) denotes the gradient of the Hamiltonian
function H with respect to x.

Since Newton’s second law gives rise to differential
equations of second order in R" and therefore to equa-
tions with first order in RZY , Hamiltonian mechanics
as a large field can be dated to the 18th century celes-
tial mechanics. Most of the equations of motion in me-
chanics follow from the fact that the equations of mo-
tion can be written as Hamiltonian systems. In fact, the
natural mathematical structure to develop the theory of
conservative systems is the Hamiltonian formalism.

Complex dynamical behaviour of Hamiltonian sys-
tems has attracted mathematicians and physicists to
study it by using a large variety of analytical and ge-
ometric tools. Now as an important part in those tools,
the variational method has been applied by many au-
thors to study the existence of periodic solutions of (2)
satisfying the properties

H'(1,x) = Bo(t)x+ o(1x])

as |x| — 0 uniformly in ¢,

3)
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H'(t,3) = Bu(t)x+0(Jx])

as |x| — oo uniformly in ¢,

“4)

where H (t,x) is T-periodic with respect to ¢, By(t) and
B..(t) are both T-periodic and continuous symmetric
matrices. (2) is called asymptotically linear both at zero
and at infinity because of (3) and (4). Precisely speak-
ing, periodic solutions of (2) are exactly critical points
of the functional

B(x) = /OT(—Jx,x)dt—/OTH(t,x(t))dt

defined on some suitable spaces of T-periodic func-
tions, where (-,-) denotes the inner product in RV,
However, since @ is strong indefinite, i.e., it is un-
bounded from below and from above, the classical
methods of the calculus of variations did not apply for
a long time until the pioneering work done by Rabi-
nowitz [1] from 1978 was done. In the celebrated pa-
per [1], Rabinowitz obtained periodic solutions of (2)
with H independent of ¢ for the first time by using
variational methods. Since then, more and more vari-
ational principles for indefinite functional have been
established and applied to Hamiltonian systems.

Now let us recall some earlier work on asymptot-
ically linear Hamiltonian systems like (2) with twist
conditions by variational methods. Twist conditions
play crucial roles in studying the existence and mul-
tiplicity of periodic solutions and can be measured by
the gap between the Maslov index (or Conley-Zehnder
index) at zero and at infinity. For the reader’s conve-
nience, here we give a brief introduction to the Maslov
index. The Maslov index was introduced by Gel’fand
and Lidskii in [2], and developed by Conley and Zehn-
der, and Long and Zehnder in [3,4] for the study of
Hamiltonian systems in relation to the Morse theory
and the critical point theory. Let W = Sp(N,R) = {M :
MTIM =17 } be the set of all 2N x 2N symplectic ma-
trices. Write

W* ={yeC([0,T],W) : y(0) = Ly,

1 is not an eigenvalue of y(T)}.

According to Conley and Zehnder [3] and Long and
Zehnder [4], there is a map j : W* — Z satisfying that
Jj(71) = j(v) if and only if 71 and 7 lie in the same
component of W*. For a non-degenerate symmetric
matrix B(t), i.e., 1 is not a Floquet multiplier of the
linear system

¥(1) = JB(1)y, (&)
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we can define the Maslov index of B by i(B) = k if
Jj(M) =k, where M is the fundamental solution matrix
of the linear system (5). For B(¢) is degenerate, i.e.,
1 is a Floquet multiplier of (5), Long [5] generalized
the definition and the Maslov index of B(¢) is a pair of
integers denoted by (i(B),n(B)), where i(B) and n(B)
are defined by

i(B) = Clin}} i(C), where C is non-degenerate,
n(B) = dimker(M(T) — Ly).

Obviously, B is non-degenerate if and only if
n(B) =0. That is, the linear system (5) has only
the trivial T-periodic solution 0. Now, we denote by
(oo (Booy Moo (Bs)) and (io(Bo,no(Bg)) the Maslov in-
dices of B.. and By, respectively. (2) is called non-
resonant at infinity if 7. (Bw) = 0 and non-resonant at
zero if ng(By) = 0. We refer to the books of Abbon-
dandolo [6] and Long [7] for more details about the
Maslov index.

The above problem of the existence and multiplicity
of periodic solutions of (2) was first studied by Amman
and Zehnder in [8, 9], where B.. and By were assumed
to be constant matrices with B., being non-degenerate
and i»(Bs) ¢ [io(Bo),io(bo) 4+ no(bo)]. Later, Conley
and Zehnder [3], and Long and Zehnder [4] studied the
case where B., and B are non-degenerate and depend
on t and iw(Bw) # iy (By). Many other authors followed
the study in the case, where B.(¢) is non-degenerate,
see Long [5], Chang et al. [10], Li and Liu [11], Ding
and Liu [12], etc. As to degenerate, but constant B,
Szulkin [13] studied the Landesman-Lazer type res-
onace condition, Su [14] studied the problem by Morse
theory and Galerkin methods. If B..(¢) depends actu-
ally on ¢, Chang et al. [10], Szulkin and Zou [15],
Fei [16], Piasni [17] considered the strongly resonant
case (the nonlinearities are bounded globally). Fei and
Qiu [18] and Su [19] studied the problem under the as-
sumption that Bw () and By(¢) are finitely degenerate
which is a strong condition on the nonlinearities.

In all those papers, twist conditions have been as-
sumed in different forms. We say that twist conditions
are actually various relations between the Maslov in-
dices of Bw(t) and By(¢). With these twist conditions,
one can get the existence of a non-trivial periodic so-
lutions of (2) since B(t) can not be continuously de-
formed to By (7). It is clear that if Be.(t) = Bo(?), i.e.,
(2) is asymptotically linear at zero and at infinity with
the same coefficient matrix, then iw(Bw) = ig(Bo). This
implies that the twist conditions do not hold anymore,
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which brings a difficulty to the arguments of the prob-
lem. To the authors’ knowledge, very little is known
about the case where B..(t) = Bo(t).

Motivated by this situation, we study (2) in this pa-
per with Bw(f) = By(t) = h being constant matrices.
More precisely, we study the following Hamiltonian
systems:

x(t) =JH'(x), (6)
satisfying
H'(x) = hx+o(]x]) as |x| =0 or |x| — oo, (7)

where h = diag(a, a, ..., o), oo € R. We shall estab-
lish the existence of periodic solutions of (6) with pe-
riod 27, i. e., solutions x(¢) of (6) satisfying x(¢ +27) =
x(t). Moreover, these periodic solution also satisfy
x(t+7m) = —x(1).

Our main result states as follows.

Theorem 1. Suppose that H € C!(R?V,R) is even
and satisfies (7), o € 2Z — 1 and

(H1) H(x) — 1 (hx,x) > 0 as |x| being small;

(H2) |H'(x) — hx| is bounded and H (x) — 1 (hx,x) —
—o0 as |x| — oo

Then (6) possesses at least one non-trivial periodic
solution.

Remark 2. We will use Theorem 6.2 of [20] and
the Galerkin approximation methods to prove our main
result. We give the proof of Theorem 1 in Section 2.

2. Proof of the Main Result

Let E be a real Hilbert space on which S' =R/27Z
acts. Let Fix(S') be the set of fixed points of the action.

Definition 3.  satisfies (PS). condition for any ¢ €
R on E, if every sequence {x,} C E with ®(x,) — ¢
and @’ (x,) — 0 possesses a convergent subsequence.

The following theorem (Theorem 6.2 of [20]) on the
existence of critical orbits of @ will be useful in our
discussion.

Theorem 4. Let & € C'(E,R) be an S'-invariant
functional satisfying (PS). conditions. Let X and Y be
closed invariant subspaces of E with codim X and
dimY finite and codim X < dimY. Assume that the fol-
lowing conditions are satisfied:

() Fix(S') c X, YNFix(S') = {0};

(i) infxy @ > —co;
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(iil) there exist r > 0 and ¢ < 0 such that @(x) < ¢
whenever x € Y and ||x|| = r;

(iv) if x € Fix(S') and @’(x) = 0, then &(x) > 0.

Then & possesses at least 3 (dimY — codim X) dis-
tinct critical orbits.

Let E = W%'Z(SI,R) be the Sobolev space of 27-
periodic real functions

o0
x(t) = ao+ Z (axcoskt + by sinkt),
k=1

where ag, a, by € R?N such that
v 2 2
Y k(law]® + [kel*) < +ee.
k=1

Then E is a Hilbert space with a norm || - || induced by
the inner product (-,-) defined by

oo

(x,y) = 2m(ao,ap) + 7 ) k((ar,at) + (br. b})),
k=1

where y = af, + ¥, (a} coskt + b) sinkt).
For each x € E, define a functional ¢ : E — R by
21

H(x(r))dt. (8)

¢@:AMPMWW—O

It is well known that critical points of @ are solutions
of (6). As a Hilbert space, E is isometric to its dual
space E* by the Riesz representation theorem. Thus we
can define an operator A : E — E by extending the bi-
linear form

b4
(Ax,y>:/0 (—Jx,y)dt. 9)

It is not difficult to see that A is linear bounded and self-

adjoint. For each x(¢t) = ap+ Y, (apcoskt + by sinkt)
k=1

ek,

+oo
Ax = Z (—Jbycoskt + Jagsinkt).
k=1

(10)

Write
2
n@:A H(x(1))dr.

According to [11], F’ : E — E is compact. Moreover,
foranyy € E,

= [ () )
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Then @ can be rewritten as

L

D(x) = 5 —F(x).

Y

In order to obtain the solution x(¢) of (6) satisfying

x(t+ m) = —x(t), we introduce an action I" on E by
I'x(t) = hoyx(t —s), Vx€E, (12)
where s = 55 and
0 0 - 0 -1
1 0 -~ 0 O
mN=1]0 1
D 000
o 0 o0 1 O
A direct computation shows that I'*Vx(t) = —x(t — )
and I'*¥x(¢) = x(t). Therefore, if ['x(t) = x(¢), then
x(t) = I'Nx(t) = —x(t — 7). Now we define a subset
SE of E as

SE={xcE :TI'x(t)=x(r)}.

Lemma 5. As a closed subspace of E, SE has the
following structure:

SE = { Z agcos(2k— 1)t
k=1
+ by sin(2k — l)t)},
where ay,

= pux — qVvk, by = pvg +quk, p,q € R and

Uy = (l,cosTk,cos(ZTk),m ,cos((2N — I)Tk)),

V= (O,SinTk,sin(ZTk),m ,sin((2N — I)Tk)),

for 7, = (2k—1)s.

Proof. Ttis easy to see that SE is a closed subspace
of E. For any x(t) = ap + ¥, (ax coskt + by sinkt) €
E, we have x(t — m) = —x(¢), that is

ao = —ag,ar = (— 1) a, by = (1) bk,

i.e.,
a, = b, =0 foreven k.

Thus, for any x(¢) € SE,

o0
Z (agcos(2k — 1)t + bysin(2k — 1)1).
k=1

x(t) =
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Note that I'x(¢) =
x € SE, we have

x(r) yields hoyx(t —s) = x(¢). For

+o0
Y (axcos(2k — 1)t + bysin(2k — 1)z)
k=1

+

oo

=Y [hovaxcos(2k—1)(t —s)
S habesin(2k— 1)(t—5).

This means that for k > 1 and 7, = (2k— 1)s,

ay = hZNak COS Ty — hZka sin T

. (13)
by = hynyay sin T, + honby cOS 7.

Let e; = ay +iby. Then (13) can be written as
e — eifkhZNek. (14)

Let A be an eigenvalue of h;y. By a direct computation
of determinant, we have

L @i,

A=e* ' j=0,1,2,--- N—1.
(15) shows that

ekZ(l,eiTk,eiZTk,--- ,ei(ZNfl)Tk)- (15)
Set u; = Re(ey), vi = Im(ey ). Then the conclusion fol-
lows from a direct check. (]

Remark 6. It is easy to see that critical points of @
in SE are non-trivial periodic solutions of (6) satisfying
the symmetric property.

For each symmetric matrix i, we define an opera-
tor B: E — E by

2n
(Bry) = [ (). (16)

It is easy to see that B is linear bounded and self-
adjoint. Moreover, for any x € E,

=1
x(1) = hao+ Y| %(hakcoskt—i—hbk sinkt). (17)
k=1
Let
n
E,= {x(t) x(t) =ap+ Z (ay coskt + by sinkt)}.
k=1

Let P, : E — E, be the orthogonal projection. Then
pn satisfies the following properties:
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(1) The image of P, has finite dimension;

(2) Pix — xasn — oo forany x € E;

(3) P, commutes with A — B.

Therefore Q = {P,:n=1,2,---} is a Galerkin ap-
proximation method with respect to operator A — B. Set

SE(k)={x€SE :x(t) =

apcos(2k — 1)t + bysin(2k — 1)t}
and
SE,=SE(1)®SEQ2)®---®SE(n).
Definition 7. For each o € R, define
Z{G al-o (=1},
i D 2k—1) - a],

k+1 2]( )

where 6 (f) =1 if t <0Oand o~ (r) =0if r > 0,
o(t)=1ift =0, 6(t) = 0, otherwise.

It is easy to see that i(¢t) and j(o) are well defined.
Denote by M (A —B), M~ (A — B), and M°(A — B) the
positive definite, the negative definite, and the null sub-
spaces of the self-adjoint operator A — B, respectively.
We have the following lemma.

Lemma 8. Fork > 1,let 4 = (—1)*1(2k—1) — a.
Then the following conclusions hold.
M*(A-B)= @ SE(k),
k=1,4,>0
M (A-B)= & SE(k),
k=1,4;<0
M°A-B)= P SE(k
k=1,44=0
Moreover, for k large enough,
dimM~ (P(A—B)P,) = +2Z o ((=1)/th),

dimM° (P.(A — B)P,) = 2j(a),

where Py is restricted over SE.

Proof. For x;, = arcos(2k — 1)t + bysin(2k — 1)1 €
SE, consider the following eigenvalue problem:

(A — B)Xk = lxk.

From (10) and (17), one has

ak:/”tak,Jak bk—lbk (18)

(04
2k—1 2k

By a direct computation, for e = uy + ivg,
Jep = eNiep = (—1)K ig.

This yields Juy = (—1)*v, jw = (=1 1w By
Lemma 5, a; = puy — qvk, by = pvi + qui. Then
(18) turns to

(_1)k+1ak .

2k—1% = Aax

(_1)k+1bk _

1 by = Aby.
The above two equalities show that A — B is posi-
tive definite, negative definite, and null on SE (k) if and
only if 4 = (—1)1(2k— 1) — a is positive, negative,
and zero, respectively.
For k large enough, Definition 7 implies

dimM~ (Pk(A — B)Pk)

)12k —1) - af

j=1 j=1
+2i6’(( 17+
j=1
:Zz(a)+2io (=1)th
j=1

The last equality of Lemma 8 is obvious. The proof is
complete. (|

Let &gx and Psg, be the restrictions of @ over SE
and SE,, respectively.

Lemma 9. Under the assumptions of Theorem 1,
the following conclusions hold:

(i) Psg satisfies (PS). condition on SE,

(i) Psg, satisfies (PS), condition on SE,,,

(iii) Pgsg satisfies (PS)* condition on SE, i.e., ev-
ery sequence {x,} with x, € ®sg,, Psg,(xn) being
bounded and (I)gEn (xn) — 0O, possesses a convergent
subsequence.

Proof. Case (i). We first show that {x,} C SE is
bounded. Assume {x,} is not bounded. By passing to
a subsequence we may assume ||x,|| — oo as n — co.
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For any x € SE, define

W (x) = F(x) - %(Bx,x>. (19)

Then Pgg (x) can be written as

e (1) = 3{(A~ Bjx.x) — Hor ).

Since |H'(x) — hx| is bounded, there exists a constant
C > 0 such that

[¥se(x)]| <€ Vx€SE.

Observing that (A — B)x = Py (x) + Wip(x) and
D¢y (xy) — 0 as n— 0, we have

1A = B)xall < | P (xa) | + [ s () [| < C+ 1

as n — oo,

Since |[x,|| — oo, H(xs) —  (hxy,x,) converges to —oo

as n — oo,

W (50) = — sz () + 5 (A~ B )

>~ @ss ) —
Let n — oo, (20) implies —oo > —oo. This is a contra-
diction. Therefore {x,} is bounded.

Now, we show {x,} has a convergent subsequence.
Notice that Py : SE — kerA = R is of finite rank and
F': SE — SE is compact. Therefore we may suppose
that

(20)

F'(x,) —y and Pyx, —z in SE as n — oo.

Since A + Py has a continuous inverse (A + Py)~!, it
follows from

(A—Po)xn = ¢§E(xn) —|—F'(x,,) + Poxn
that
Xn = (A+PO)_1(¢§E (%) + F' (xn) 4 Poxn)
— (A+Po)_1(y+z) as n — oo,

Henceforth, {x, } has a convergent subsequence.
With a similar argument to Case (i), we can prove
the other two cases. The proof is complete. ]

For 6 € S! and x € SE, define an action T on SE by

T(0)x(t) =x(t+90).
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A direct computation shows that
Fix(S') = {x € SE: T(0)x(t) =x(t +6), VO eS'}
={0}. (21)
Now we are ready to prove our main result.

Proof of Theorem 1. Since x(t) € SE is periodic and
F(x(t)) is independent of ¢, &gk, is S'-invariant ac-
cording to the action 7 on SE.

Take the subspace X and Y as

X =M"(A—-B)eM°(A-B)NSE,,
Y =M (A—B)&M°(A—B)NSE,,

It is easy to see that codim X < dimY. By (21), we
can verify easily that the assumptions (i) and (iv) of
Theorem 4 hold.

For x € M"(A — B), there is a suitable constant
c1 > 0 such that

((A=B)x,x) > c1]x|*. (22)

Let ¥, be the restriction of ¥sg on SE,. By the condi-
tion (H2) of Theorem 1, ¥, (x) is bounded, i. e., Jc; >0
such that

IE (Il < c2,

Moreover, ¥, (xg) — —oo as xg € M*(A — B) NSE, with
[Ixo]| — -oo.

Write x = x1 +x9 € X, where x;y € MT(A—B)N
SE,. We have

Vx € SE.

P, () = (A~ B)xs.x.) — Hlx, +x0)

> el = eallxl| — ¥alxo)-

Thus the assumption (ii) of Theorem 4 holds. If the
assumption (iii) of Theorem 4 holds, then by Defini-
tion 7, Lemma §, Lemma 9, and Theorem 4, ®gg, pos-
sesses at least

%(dimY —codimX) =i(a)+j(a)—i(a) = j(a)

distinct orbits. From Definition 7 and o € 27Z — 1,
Jj(a) = 1. Therefore, P, has at least one non-trivial
critical point x,,. By Lemma 9, ®gg, satisfies the (PS)*
condition. So {x,} has a subsequence convergent to a
point x with ®¢;(x) =0, i.e., x is a critical point of
®Pgr. Therefore, (6) has at least one non-trivial periodic
solution. Thus the proof of Theorem 1 will be finished
by the following lemma.
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Lemma 10. Under the conditions of Theorem 1, the
assumptions (iii) of Theorem 4 holds.

The main idea of the proof of Lemma 10 comes
from [11].

Proof of Lemma 10. Let

1
G(x)=— <H(x) - E(hx,x)> . (23)
By (H2), there exists a constant p > 0 being small such
that G(x) < 0 forany x € B, = {x: ||x|| < p}. Define a
function g : M°(A — B)NSEyNB, — R by

g(xo) = sup{Dsg(x_ +xp) :
X_ €M (A—B)NSE,NB,}.

Since ®gg and P are both bounded in M~ (A —B) N
M°(A — B)N SE,, g is well defined and continuous.
First, we claim that Pz (x_+ xp) attains its maximum
in the domain M~ (A — B)NB,NSE,, at an interior point
for a given point xo € M*(A — B) N B, N SE,.

By (7), for any kx > 0 there exists 6 > 0 such that

G ()| < Klx|? + 8[x*
which implies

2n 2r
|Gl < [ o) P+ 8lato) )
24)

< (klx(t)[f2 + 8lx(r) [j4) < Brellx]?,

as x € B, and r small enough.

Givenx_ € M~ (A—B)NB,NSE,. Ifxed(M (A—
B)NB,NSE,) and letting k be small enough, then we
have ||x_|| = rand ||x_ + xo|| < 2r and

By (v +x0) = %((A _Br_x )

- (25)

+ G(x— +xo)dt

0

c

< sl P+ Bl 4ol < =F . (26)
If x_ =0, then
2
by (X_ -‘r)C()) = g ()C()) = G(X())dt

0 (27)

> Bx||xo|* > Bxr.
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Thus we get the claim. Lety = y(xo) € intM ™~ (A—B)N
B,NSE, be the maximum point of ®sg(x_ +x0). Then
y satisfies

(=B [0
Yz M (A—B)NSE,.
Let
u(t) = hy+G'(y +xo),
then u(t) € L*(S",R?) and
lu(®)ll 2 < hlyl2 + G (v +x0)| .2 29)

< hly|2 + caly +x0|2 < csry

since |G'(x)| = |H'(x) — hx| is bounded.
It follows from (28) that

y = Ju.
From the regularity theory, (29) yields that

I¥lle < co|ulz +[yl2) < e,

where || - ||c denotes the maximum norm in C(S',R?V).
Note that M?(A — B) N SE, is a space with finite dimen-
sion, all norms are equivalent to each other. Hence, one
has ||xo||c < csr and

[|y(x0) +xollc < cor,

for any xo € M°(A — B) N B,, where ¢y is a constant.
This enables us to choose r small enough such that
cor < p. Then by (23), G(y(t) +x(t)) < 0 for any ¢
such that (y(xp) +x0)(¢) # 0. Then we have

D (x— +x0) < g(x0) = Pse (y +x0)

= 2A=Bp) + [ GO+ <0

(30)

for any x_ +x9 € M~ (A—B)NM°(A — B)NSE,NB,.

Notice that y 4 xo # 0 if xo # 0. Thus [3" G(y +
x0)dt < 0 and g(x) < 0. So if we restrict g to M°(A —
B)NSE,NJd(B,), then g is strict negative. This implies
that there exists a constant 17 > O such that

g(XQ) <-n< 0,

for any xo € M°(A — B) N SE, N B,. Then the
assumption (iii) of Theorem 4 holds with ¢ =
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min{—4c3r%,—n}. The proof of Theorem 1 is com-
plete. (]

Now let us take an example as an application of The-
orem 1. For any x € R?V, let p(|x|) be a smooth func-
tion satisfying

() = l,as |x| <n
p " 10,as |x| >R,

with 0 < p(|x]) <1 and |p’(|x|)| < 2, where r and R
are given positive constants with r < R. Write

Ho(x) = p(Jx[)|x|" sin |x

T (p(al) — Dl (1—@)

where 1 > 2. Let H(x) = 3 (hx,x) + Ho(x). Then H €
C'(R?M,R) is even and defines the following Hamilto-
nian system

i =JH (x). (31)
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